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The torsion is shown to be vitally important in the explanation of the evolution of
the universe in a large class of gravitational theories containing quadratic terms of
curvature and torsion. The cosmological solutions with homogeneous and isotropic
torsion in a model of de Sitter gauge theory of gravity are presented, which may ex-
plain the observation data for SN Ia when parameters are suitably chosen and supply
a natural transit from decelerating expansion to accelerating expansion without the
help of the introduction of other strange fields in the theory.
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2I. INTRODUCTION
The observations on SN Ia [1] show that our universe is in a stage of accelerating ex-
pansion. In order to explain the accelerating expansion of the universe, many dark energy
models are constructed. In many fashioned models, some strange fields are introduced to
effectively describe the behaviors of the dark energy. There are alternative approaches to
describe the dark energy. For example, the gravitational Lagrangian is supposed to be f(R)
and so on. However, such kind of the gravitational Lagrangian is also a phenomenological
one. There is no fundamental principle to determine the function f .
On the other hand, since 1970s, some efforts to construct a new gravitational theory —
the gravity with local de Sitter (dS) symmetry — have been made [2, 3, 10]1. A model of dS
gauge theory of gravity can be formulated inspired by the dS invariant special relativity [11–
13] and the principle of localization [10]. This is just like the Poincare´ gauge theory of gravity
(see, e.g.[14]), which can be inspired by the Einstein special relativity and the localization
of Poincare´ symmetry. The principle of localization requires that the full symmetry —
ISO(1, 3) for Einstein special relativity, SO(1, 4) for dS invariant special relativity and
SO(2, 3) for anti-dS (AdS) invariant special relativity — as well as the laws of dynamics are
both localized.
It has been shown that the model of dS gauge theory of gravity can be realized on a
kind of totally umbilic submanifolds and under the dS-Lorentz gauge, the dS connection
becomes the gravitational gauge potential of the model, which combines the Lorentz tetrad
and connection together as an so(1, 4) valued connection. The gravitational action takes
the form of Yang-Mills gauge theory. After variation of the action with respect to the
Lorentz tetrad and connection, one may obtain the Einstein-like equations and Yang-like
equations, respectively. The Yang-like equations are the generalization of the gravitational
field equations in the theory of gravity proposed by Yang [15] and others [16]. They consist
of a set of highly non-linear equations. To solve the equations is, in general, a very difficult
task. Fortunately, it can be shown that all vacuum solutions of Einstein field equations with
a cosmological constant are the vacuum solutions of the set of equations without torsion
[10, 17]. In particular, Schwarzschild-dS and Kerr-dS metrics are two solutions of the model
of dS gauge theory of gravity. Therefore, the model of dS gauge theory of gravity can pass
all solar-system-scale observations and experimental tests for general relativity. In addition,
there exist torsion-free and spin current-free, Big Bang solutions in the model of dS gauge
theory of gravity [18]. Unfortunately, the equation of state (EoS) for the perfect fluid in
the solutions has to take, up to a constant, the form of radiation, namely, p = ρ/3 + c.
Obviously, such kind of cosmological solutions cannot explain the evolution of the universe.
The stringent requirement comes from the nontrivial Yang equation in addition to Einstein-
like equations.
One of the purposes of the present paper is to show that when an isotropic and homoge-
neous torsion is taken into account, an arbitrary form of EoS for matter may be supplemented
to the Einstein-like equations and Yang-like equations and thus the diverse cosmological so-
1 The same connection with different gravitational dynamics has also been studied (See, e.g. [4–9])
3lutions may be constructed, which may be used to explain the evolution of the universe.
For example, we may find a series of ‘dust-dominated’ cosmological solutions. In the cos-
mological solutions the contributions of the higher order of curvature term and torsion term
automatically serve as the dark energy and dark radiation. Hence, it is not necessary to
introduce strange fields to describe the dark energy. Another purpose of the paper is to
investigate what kind of ingredients of gravitational dark energy in the model may fit the
SN Ia observation data.
The paper is arranged as follows. We first review the model of dS gauge theory of gravity
in the next section. In the third section, we show that the torsion-free and spin current-free
solutions in a large class of gravitational theories containing quadratic terms of curvature
and torsion cannot explain the evolution of the universe and that the torsion is necessary
for the purpose, at least, in the model of dS gauge theory of gravity. In Sec. IV, we present
some numerical solutions for the homogeneous and isotropic universe with torsion. Also in
this section, we try to fix the ingredients of gravitational dark energy by comparing with
the SN Ia observation data. We shall give some concluding remarks in the final section.
II. A REVIEW OF THE MODEL OF DS GAUGE THEORY OF GRAVITY
Like the Poincare´ gauge theory of gravity [14, 19] in which the full Poincare´ symmetry of a
Minkowski spacetime is localized, the model of dS gauge theory of gravity can be stimulated
by that gravity should be based on the idea of the localization of the full dS-symmetry
of a dS spacetime and its dynamics is supposed to be governed by a gauge-like one with
a dimensionless coupling constant g. In the following we shall review how to construct a
model of dS gauge theory of gravity on a kind of totally umbilic submanifolds of local dS-
invariance and in a special gauge called the dS-Lorentz gauge the dS connection becomes
the one proposed earlier in [2, 3, 10].
A. Totally umbilic submanifold and dS connection
The model of dS gauge theory of gravity [2, 10] supposes that the spacetimes with gravity
of local dS-invariance is described as a kind of (1 + 3)-dimensional totally umbilic subman-
ifolds H1,4 as sub-manifolds of (1 + 4)-dimensional Riemann-Cartan manifolds M1,4. In
surface theory [20], a surface is totally umbilic if the normal curvatures at each point are
constants. A sphere in 3-dimensional Euclid space is an example of a totally umbilic surface.
A totally umbilic surface has the property that its first fundamental form is proportional
to its second fundamental form. This property serves as the definition of a nondegenerate
totally umblic submanifold in a higher dimensional Riemann-Cartan space with an indefinite
metric [21] we are interested in.
A totally umbilic submanifold with local dS symmetry is a (1+3)-dimensional Riemann-
Cartan manifold with signature -2 . At each point p of the totally umbilic submanifold, there
exists a local tangent dS space with an invariant dS radius R, embedded in the tangent space
T 1,4p = T
1,3
p × Rp of (1 + 4)-dimensional Riemann-Cartan manifold M1,4 at p. Here, T 1,3p
4the tangent space of (1 + 3)-dimensional spacetime at p, while Rp is the tangent space at p
orthorgonal to T 1,3p in M1,4. On the co-tangent space T 1,3p ∗ at the point p ∈ H1,3 there is a
Lorentz frame 1-form such that
bb = ebµdx
µ, bb(∂µ) = e
b
µ, e
a
µe
µ
b = δ
a
b , e
a
µe
ν
a = δ
ν
µ, (1)
where ∂µ and dx
µ are the coordinate bases of T 1,3p and T
1,3
p
∗
. Their inner products define
the metrics:
< ∂µ, ∂ν >= gµν , < ea, eb >= ηab = diag(1,−1,−1,−1). (2)
Let the unit vector in Rp and unit 1-form in R
∗
p be n and ν, respectively. Then, both
{ea, n;bb, ν} and {∂µ, n; dxλ, ν} span T 1,4p = T 1,3p ×Rp and T 1,4p ∗ = T 1,3p ∗×Rp∗ . They satisfy
the following conditions in addition to (2)
n(ν) = 1, bb(n) = dxλ(n) = 0, ν(ea) = ν(∂µ) = 0; (3)
< n, n >= −1, < ea, n > =< ∂µ, n > = 0. (4)
The dS-Lorentz base {EˆA} and their dual {ΘˆB} (A,B = 0, · · · , 4) can be defined as:
{EˆA} = {ea, n}, {ΘˆB} = {bb, ν}. (5)
Eqs. (1)—(4) can be expressed as
ΘˆB(EˆA) = δ
B
A , < EˆA, EˆB >= ηAB = diag(1,−1,−1,−1,−1). (6)
The transformations, which map M1,4p to itself and preserve the inner products, are
EˆA → EA = (St) BA EˆB, ΘˆA → Θ = ((S)−1)
A
BΘˆ
B, (St) CA ηCDS
D
B = ηAB, (7)
where S = (SAB) ∈ SO(1, 4), the superscript t denotes the transpose.
In the tangent bundle TH1,3, there is a Lorentz covariant derivative a la Cartan:
∇eaeb = θcb(ea)ec; θab = Babµdxµ, θab(∂µ) = Babµ. (8)
Bacµ ∈ so(1, 3) are connection coefficients of the Lorentz connection 1-form θac. The torsion
and curvature can be defined as
Ωa = dba + θab ∧ bb =
1
2
T aµνdx
µ ∧ dxν
T aµν = ∂µe
a
ν − ∂νeaµ +Bacµecν − Bacνecµ, (9)
Ωab = dθ
a
b + θ
a
c ∧ θcb =
1
2
F abµνdx
µ ∧ dxν ;
F abµν = ∂µB
a
bν − ∂νBabµ +BacµBcbν − BacνBcbµ. (10)
They satisfy the corresponding Bianchi identities. Similarly, the dS-covariant derivative can
be introduced
∇ˆEAEB = ΘCB(EA)EC . (11)
5ΘAC ∈ so(1, 4) is the dS-connection 1-form. In the local coordinate chart {xµ} on H1,3,
∇ˆ∂µEB = ΘCB(∂µ)EC = BCBµEC , ∇ˆnEB = ΘCB(n)EC = BCB4EC , (12)
BACµ and B
A
C4 denote the dS-connection coefficients on H1,3.
In the dS-Lorentz frame the dS-connection reads [2–10, 22, 23]
(BˇABµ) =
(
Babµ R
−1eaµ
−R−1ebµ 0
)
∈ so(1, 4), (13)
where BABµ = η
BCBACµ and B
AB
4 = η
BCBAC4. Its curvature reads
Fˇµν = (FˇABµν) =
(
F abµν +R
−2eabµν R
−1T aµν
−R−1T bµν 0
)
∈ so(1, 4), (14)
where eabµν = e
a
µebν − eaνebµ, eaµ = ηabebµ, F abµν and T aµν are curvature (10) and torsion (9) of
the Lorentz-connection.
B. A simple model of dS gauge theory of gravity
Now we consider a simple model of dS gauge theory of gravity with the dS connection2.
The total action of the model with source is taken as
ST = SGYM + SM, (15)
where SM is the action of the source with minimum coupling to the gravitational fields, and
SGYM the gauge-like action in Lorentz gauge of the model as follows [2, 3, 10]:
SGYM =
1
4g2
∫
M
d4xeTrdS(FˇµνFˇµν)
= −
∫
M
d4xe
[
~
4g2
F abµνF
µν
ab − χ(F − 2Λ) −
χ
2
T aµνT
µν
a
]
. (16)
Here, e = det(eaµ), a dimensionless constant g should be introduced as usual in the gauge
theory to describe the self-interaction of the gauge field, χ a dimensional coupling constant
related to g and R, and F = 1
2
F abµνe
µν
ab the scalar curvature of the Cartan connection, the
same as the action in the Einstein-Cartan theory. In order to make sense in comparing with
the Einstein-Cartan theory, we should take R = (3/Λ)1/2, χ = 1/(16piG) and g−2 = 3χΛ−1.
The field equations can be given via the variational principle with respect to eaµ, B
ab
µ,
T µνa ||ν − F µa +
1
2
Feµa − Λeµa = 8piG(T µMa + T µGa ), (17)
F µνab ||ν = R
−2(16piGS µMab + S
µ
Gab ). (18)
2 The same dS-connection with similar or different dynamics has also been explored in Ref. [4]–[23]
6In Eqs.(17) and (18), || represents the covariant derivative compatible with Christoffel symbol
{µνκ} and spin connection Babµ. Besides, F µa = −F µνab ebν , F = F µa eaµ,
T µMa := −
1
e
δSM
δeaµ
, (19)
T µGa := g
−2T µFa + 2χT
µ
Ta , (20)
are the tetrad form of the stress-energy tensors for matter and gravity, respectively, where
T µFa := −
1
4e
δ
δeaµ
∫
d4xeTr(FνκF
νκ) = eκaTr(F
µλFκλ)− 1
4
eµaTr(F
λσFλσ) (21)
is the tetrad form of the stress-energy tensor for curvature and
T µTa := −
1
4e
δ
δeaµ
∫
d4xeT bνκT
νκ
b = e
κ
aT
µλ
b T
b
κλ −
1
4
eµaT
λσ
b T
b
λσ (22)
is the tetrad form of the stress-energy tensor for torsion.
S µMab =
1
2
√−g
δSM
δBabµ
(23)
and S µGab are spin currents for matter and gravity, respectively. Especially, the spin current
for gravity can be divided into two parts,
S µGab = S
µ
Fab + 2S
µ
Tab , (24)
where
S µFab :=
1
2
√−g
δ
δBabµ
∫
d4x
√−gF = −e µνab ||ν = Y µλνe λνab + Y νλνe µλab (25)
S µTab :=
1
2
√−g
δ
δBabµ
1
4
∫
d4x
√−gT cνλT νλc = T µλ[a eb]λ (26)
are the spin current for curvature F and torsion T , respectively. Here,
Y λµν =
1
2
(T λνµ + T
λ
µ ν + T
λ
ν µ). (27)
is the contortion.
It has been shown that all solutions, including the dS, Schwarzschild-dS, Kerr-dS space-
times, of vacuum Einstein equation with a non-zero cosmological constant also solve Eqs.(17)
and (18) for the vacuum and torsion-free case [10, 17]. So, this simple model may pass the
observation tests on solar system scale.
7III. COSMOLOGICAL SOLUTIONS IN THE MODEL OF DS GAUGE THEORY
OF GRAVITY
To deal with the cosmological solutions, we suppose, as usual, that the universe is ho-
mogeneous and isotropic and thus is described by the Friedmann-Robertson-Walker (FRW)
metirc
ds2 = dt2 − a2(t)[ dr
2
1− kr2 + r
2(dθ2 + sin2 θdφ2)]. (28)
The matter in the universe takes the perfect fluid,
T µν = (ρ+ p)UµUν − pgµν , (29)
where Uµ is 4-velocity of comoving observer, ρ energy density and p pressure.
A. Torsion-free cosmological model
When the spacetime is torsion-free and there is no spin current in it, Eqs.(17) and (18)
reduce to [18]
Rµν − 1
2
Rgµν + Λgµν = −8piG(Tµν + TRµν) (30)
R λσµν ;σ = 0 (31)
where
TRµν = Rκρ λµ Rκρνλ −
1
4
gµνRκρλσRκρλσ = R
3
(Rµν − 1
4
Rgµν). (32)
The first equation is the Einstein-like equation and the second one is the Yang equation [15].
The validity of the second equality in Eq.(32) is because FRW metric is conformally flat.
Obviously, the trace of the Einstein-like equation is the same as that of Einstein equation.
R = 8piGT + 4Λ. (33)
From the Bianchi identity, the Yang equation becomes
Rλµ;ν = Rλν;µ. (34)
In particular,
Rνµ;ν = R;µ. (35)
On the other hand, the divergence-free of the Einstein tensor requires that
Rνµ;ν =
1
2
R;µ. (36)
8Therefore,
Rνµ;ν = R;µ = 0, (37)
which results in
T;µ = 0, i.e. (ρ− 3p)· = 0, (38)
where a dot represents the derivative with respect to cosmic time t. Thus, the EoS for the
perfect fluid in this model has to be
p =
1
3
ρ+ c. (39)
The same result has been obtained by directly solving the equations in [18]. It is obvious
that such kind of cosmological model cannot explain the evolution of the universe.
In fact, the conclusion can be generalized to the theory that the gravitational Lagrangian
contains more terms such as,
eλae
σ
bT
a
µλT
bµ
σ, e
σ
ae
µ
bT
a
µλT
bλ
σ, e
ab
λσe
cd
µνF
µν
ab F
λσ
cd , e
b
σe
c
µF
µ
ab νF
νσ
ac , F
µ
a F
a
µ, e
a
νe
b
µF
µ
a F
ν
b .
Obviously, the addition of the first two terms will not change the conclusion because they
have no contribution to the torsion-free and spin-current-free field equations. In the above
derivation, only the field equations (33) and (34) are used. Eq.(33) will not change because
the trace of the stress-energy tensors for these gravitational terms all vanish. The middle
two terms have the same contribution to (31) thus to (34) as the term F µνab F
ab
µν does.
Therefore, they only alter the unimportant coefficients. The last two terms will contribute
(Rµ[λδ
ν
σ]);ν terms to (31), thus the form of (34) will still remain. Hence, the torsion-free, spin-
current-free, homogeneous, isotropic cosmological solutions with perfect fluids in a general
F − 2Λ + F 2 theory including torsion-squared term cannot explain the evolution of our
universe except the case that the coupling constants of these terms are suitably arranged so
that Eq.(31) vanishes.
B. Field equations for the universe with isotropic and homogenous torsion
The reason that up to a constant, the EoS has to take almost radiation form is that the
24 components of torsion are set zero in the above model while the component equations
obtained from the variation with respect to connection (or equivalently to contortion) do
not disappear simultaneously. Thus, the constraint on the EoS appears. To remove the
constraint, we should study the cosmological solutions in the model of dS gauge theory
of gravity with isotropic and homogenous torsion. For simplicity, we still assume the spin
currents are zero in the universe.
It can be shown that the isotropic and homogenous torsion takes the form of

T0 = 0
T1 = T+ b
0 ∧ b1 + T− b2 ∧ b3
T2 = T+ b
0 ∧ b2 − T− b1 ∧ b3
T3 = T+ b
0 ∧ b3 + T− b1 ∧ b2,
(40)
9where T± is a function of time t and ‘+’ and ‘-’ represent the even and odd parity, respectively.
Also, T+ is the trace part of the torsion,
1
3
T a0a, while T− is the traceless part of the torsion.
Again, the matter in the universe is assumed to take the perfect fluid form Eq.(29).
The reduced Einstein-like equations are:
− a¨
2
a2
− (T˙+ + 2 a˙
a
T+ − 2 a¨
a
)T˙+ +
1
4
(T˙− + 2
a˙
a
T−)T˙− + T
4
+ −
3
2
T 2+T
2
− +
1
16
T 4−
+(5
a˙2
a2
+ 2
k
a2
− 3
R2
)T 2+ −
1
2
(
5
2
a˙2
a2
+
k
a2
− 3
R2
)T 2− + 2
a˙
a
(
a¨
a
− 2 a˙
2
a2
− 2 k
a2
+
3
R2
)T+
− a˙
a
(4T 2+ − 3T 2−)T+ +
a˙2
a2
(
a˙2
a2
+ 2
k
a2
− 2
R2
) +
k2
a4
− 2
R2
k
a2
+
2
R4
= −2
3
R−2(8piGT νµ e
µ
0b
0
ν),
(41)
a¨2
a2
+ (T˙+ + 2
a˙
a
T+ − 2 a¨
a
+
6
R2
)T˙+ − 1
4
(T˙− + 2
a˙
a
T−)T˙− − T 4+ +
3
2
T 2+T
2
− −
1
16
T 4−
+
a˙
a
(4T 2+ − 3T 2−)T+ − (5
a˙2
a2
+ 2
k
a2
+
3
R2
)T 2+ +
1
2
(
5
2
a˙2
a2
+
k
a2
+
3
R2
)T 2−
−2 a˙
a
(
a¨
a
− 2 a˙
2
a2
− 2 k
a2
− 6
R2
)T+ − 4
R2
a¨
a
− a˙
2
a2
(
a˙2
a2
+ 2
k
a2
+
2
R2
)
−k
2
a4
− 2
R2
k
a2
+
6
R4
− 2 k
a2
+
3
R2
)T+ = −2R−2(8piGT νµ eµ1b1ν).
The reduced Yang-like equations are
T¨− + 3
a˙
a
T˙− + (
1
2
T 2− − 6T 2+ + 12
a˙
a
T+ +
a¨
a
− 5 a˙
2
a2
− 2 k
a2
+
6
R2
)T− = 0, (42)
T¨+ + 3
a˙
a
T˙+ − (2T 2+ −
3
2
T 2− − 6
a˙
a
T+ − a¨
a
+ 5
a˙2
a2
+ 2
k
a2
− 3
R2
)T+ − 3
2
a˙
a
T 2−
−
...
a
a
− a˙a¨
a2
+ 2
a˙3
a3
+ 2
a˙
a
k
a2
= 0. (43)
Now, we have 4 independent gravitational equations for 5 independent variables: scale factor
a, torsion components T+ and T−, energy density ρ = T
ν
µ e
µ
0b
0
ν , and pressure p = T
ν
µ e
µ
1b
1
ν .
They, with the EoS of fluid, constitute the complete system of equations for the 5 variables.
Namely, the constraint on EoS has been relieved and it is possible that the cosmological
solutions with homogeneous and isotropic torsion may explain the evolution of the universe.
For the even parity of torsion, namely T− = 0, the independent component equations of
Einstein-like and Yang-like equations further reduce to
− a¨
2
a2
− (T˙+ + 2 a˙
a
T+ − 2 a¨
a
)T˙+ + T
4
+ − 4
a˙
a
T 3+ + (5
a˙2
a2
+ 2
k
a2
− 3
R2
)T 2+
+2
a˙
a
(
a¨
a
− 2 a˙
2
a2
− 2 k
a2
+
3
R2
)T+ +
a˙2
a2
(
a˙2
a2
+ 2
k
a2
− 2
R2
) +
k2
a4
− 2
R2
k
a2
+
2
R4
= −2
3
R−2(8piGT νµ e
µ
0b
0
ν), (44)
10
a¨2
a2
+ (T˙+ + 2
a˙
a
T+ − 2 a¨
a
+
6
R2
)T˙+ − T 4+ + 4
a˙
a
T 3+ − (5
a˙2
a2
+ 2
k
a2
+
3
R2
)T 2+
−2 a˙
a
(
a¨
a
− 2 a˙
2
a2
− 2 k
a2
− 6
R2
)T+ − 4
R2
a¨
a
− a˙
2
a2
(
a˙2
a2
+ 2
k
a2
+
2
R2
)− k
2
a4
− 2
R2
k
a2
+
6
R4
= −2R−2(8piGT νµ eµ1b1ν), (45)
T¨+ + 3
a˙
a
T˙+ − (2T 2+ − 6
a˙
a
T+ − a¨
a
+ 5
a˙2
a2
+ 2
k
a2
− 3
R2
)T+ −
...
a
a
− a˙a¨
a2
+ 2
a˙3
a3
+ 2
a˙
a
k
a2
= 0.
(46)
The three equations with the EoS of fluid can determine the 4 variables T+, a, ρ and p.
On the other hand, for the odd parity of torsion, namely T+ = 0, the number of Einstein-
like equations and Yang-like equations still remains 4. The 4 equations with EoS of fluid
are the over-determined set of equations for the variables T−, a, ρ and p. Therefore, the
cosmological model with odd parity of torsion in the model of dS gauge theory of gravity
cannot explain the evolution of the universe either.
For simplicity, we will focus on even parity, in which case Eqs. (44) and (45) give rise to
a¨
a
= −H2 − k
a2
+
4
3
piG(ρ− 3p) + 2
R2
+
3
2
(T˙+ + 3HT+ − T+2), (47)
where H = a˙/a is the Hubble parameter. With the help of Eq.(47), Eqs. (46) and (44) can
be rewritten as
T¨+ = −3(H + 3
2
T+)T˙+ + [
13
2
(T+ − 3H)T+ + 6H2 − 8
R2
+
3k
a2
− 28
3
piG(ρ− 3p)]T+
−8
3
piG(ρ− 3p)˙, (48)
[
4
3
piG(ρ− 3p)
]2
+
4
3
piG(ρ− 3p)
[
T˙+ + 7HT+ − 3T 2+ − 2
(
H2 +
k
a2
− 2
R2
)]
− 16
3R2
piGρ
+
(
2
R2
−H2 − k
a2
)
T˙+ +
(
8
R2
− 3H2 − 3k
a2
)
HT+ +
(
37
4
H2 +
k
a2
− 3
R2
)
T 2+ +
7
2
HT+T˙+
−3
2
T 2+T˙+ −
13
2
HT 3+ +
1
4
T˙ 2+ +
5
4
T 4+ −
2
R2
(
H2 +
k
a2
− 1
R2
)
= 0. (49)
In principle, one can solve Eqs.(47)—(49) and EoS to obtain the cosmological solution for
a(t), ρ(t), p(t) and T+. In the following, we shall find some numerical solutions for the some
reasonable initial parameters.
IV. THE EVOLUTION OF THE UNIVERSE
In the present stage of the universe the dominated matter has the EoS: p = 0. For the
convenience to compare our model with the ΛCDM model in GR, we rewrite Eq.(44) for
p = 0 as
1 = Ωm + ΩΛ + Ωk + ΩDr + ΩD1 , (50)
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where
Ωm =
8piGρ
3H2
, ΩΛ =
Λ
3H2
, Ωk =
−k
a2H2
, ΩDr =
Dr
H2
, ΩD1 =
D1
H2
, (51)
with
Dr :=
1
2
R2T tFt + T
t
Tt =
3
2
[R2(B2 −A2) + T+2], (52)
D1 := −1
3
T tνt ||ν + 2HT+ − T+2 = 3HT+ − 2T+2, (53)
where
A = T˙+ +HT+ − a¨
a
, B = 2HT+ − T+2 −H2 − k
a2
. (54)
Dr/(8piG) is the energy density of dark radiation contributed from both curvature and
torsion and D1/(8piG) is the dark energy of the first part from the torsion. They are new
contributions in comparison with the ΛCDM model in GR, in which 1 = Ωm+ΩΛ+Ωk, and
play the role of the dynamical dark energy.
By virtue of Eq.(50), Eq.(47) for p = 0 can be rewritten as
q =
1
2
Ωm − ΩΛ + ΩDr +
1
2
(ΩD1 − ΩD2), (55)
where ΩD2 = D2/H
2 and
D2 = −T rνr ||ν + 4HT+ + 2T˙+ − T+2 = 3T˙+ + 6HT+ − T+2. (56)
D2/(8piG) is the dark energy of the second part from the torsion.
The dark radiation ΩDr and dark energy ΩD1 and ΩD2 as well as ΩΛ are unobservable
directly at present time. However, the present values of ΩD1 + ΩDr and ΩD2 − ΩDr can be
determined from Eqs. (50) and (55) if the present values of q, Ωm, ΩΛ and Ωk are known.
This gives a chance to estimate ‘the density of torsion’ in the universe.
The behavior of the scale factor can be obtained by numerically integrating the above
equations backward from today. The initial conditions for numerical calculation may be
chosen based on the following facts. The kinematical analysis on the data of the SN Ia
observations shows that the present deceleration parameter should be about q0 ≈ −0.7 —
−0.81 [24–26]. (A subscript 0 denotes the present value as usual.) The density of matter
(including baryonic and dark matter) on the scale of galaxy clusters is estimated between
Ωm0 ≈ 0.2 — 0.3 [27], which is consistent with the cosmological estimate from the observation
data of WMAP [28], SDSS [29], etc. in the framework of general relativity. The space of
the universe is very flat, so we may suppose that |Ωk0| ≤ 0.02.
Figure 1 shows the evolution of scale factor for q0 = −0.81 as argued in [26] and Ωm0 =
0.24. When q0 and Ωm0 are fixed, there are still two degrees of freedom among Ωk0, ΩΛ0,
ΩDr0 + ΩD10 and ΩD20 − ΩDr0. We choose Ωk0 and ΩΛ0 as independent ones and fix Ωk0
first and then plot curves for different values of ΩΛ0. In the figure, the horizontal axis
is time in the unit of H−10 and the vertical axis is a/a0. From the figure, we can find
12
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FIG. 1: Plots of the evolution of scale factor subject to different parameters. The horizontal axis
is time in the unit of H−10 , while the vertical axis is the ratio of the scale factor to its present
value. The upper left plot is for the flat universe. The lower left plot is for the slightly curved,
open universe. The upper right plot is for the slightly curved, closed universe. The lower right plot
is for the more curved, closed universe to show the role of the Ωk0.
that in all cases considered, the larger the cosmological constant, the younger the universe
is. Obviously, some models have been ruled out because they cannot explain the ages of
the oldest globular clusters [30], which are between 10 and 13 Gyr. But, there are still
wide parameter ranges (roughly speaking, ΩΛ0 < 0.35) for the models which might be
used to explain the evolution of the universe. It is remarkable that the models supply a
natural transit from the decelerating expansion to accelerating expansion without help of
the strange fields such as quintessence, K-essence, phantom, quintom, etc. For example,
when the space of the universe is a little bit curved so that Ωk0 = −0.02, which has been
indicated from the analysis of WMAP [28] and SDSS [29], the model with ΩΛ0 = 0.345
behaves as a → 0 as t → 0. In this case, ΩD10 + ΩDr0 = 0.435, ΩD20 − ΩDr0 = 1.605,
1
2
(ΩD10 − ΩD20) + ΩDr0 = −0.585 due to Eqs. (50) and (55). It means that on the large
scale, the effect of torsion cannot be ignored. The ratio of the energy density of torsion to
the critical energy density is even greater than those for cosmological constant and matter.
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FIG. 2: Plots of the deceleration parameter versus red shift z. The transit from the decelerating
expansion to the accelerating expansion occurs at z < 1 for all models plotted.
Figure 2 plots the behavior of deceleration parameter versus red shift z. We can see that
the transit from the decelerating expansion to the accelerating expansion happen around at
z = 0.9, which is qualitatively consistent with the analysis on the SN Ia observation [24].
V. CONCLUDING REMARKS
The astronomical observations show that the universe is probably asymptotically dS. It
suggests that there is a need to analyze the observation data based on a theory with local
dS symmetry.
We have shown that the torsion is vitally important in the explanation of the evolution
of the universe not only for the model of dS gauge theory of gravity first proposed in 1970s,
but also in a large class of gravitational theories containing quadratic terms of curvature
and torsion. In a wide parameter range in the model of dS gauge theory of gravity, the spin-
current-free cosmological solutions with homogenous and isotropic torsion may explain the
SN Ia observation and supply a natural transit from decelerating expansion to accelerating
expansion, without introducing other fields such as quintessence, K-essence, phantom, etc.
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The transit occurs around at z = 0.9, which is qualitatively consistent with the analysis on
the SN Ia observation. The reason that the redshift of the transit is systematically greater
than the previous analysis is that the relation between q and z is obviously not linear one
in our model, while the previous analysis is based on the assumption q = q0 + q1z [24]. If
we make the linear fitting for the q − z curve and then parallel transport the line so that it
goes through q0 at z = 0, then we shall get smaller redshift for the transit.
In the cosmological solutions with torsion we considered, the effects of torsion could not be
ignored on the large scale, which is even greater than that of matter density or cosmological
constant. Even though, it is very difficult to directly measure the energy density of torsion
by local experiments because its order of magnitude is the same as that of cosmological
constant. It is worthwhile to study the method of detecting torsion and place the upper
limit for the torsion.
Needless to say, to check whether the model can really explain the gravitational phenom-
ena in the universe, much work is needed. In particular, we should perturb the FRW metric
and compare the anisotropic spectrum with WMAP data.
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